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The Hall algebra of the ategory of oherent sheaves on
the projetive line
Pierre Baumann and Christian Kassel
Abstrat
To an abelian ategory A of homologial dimension 1 satisfying ertain niteness
onditions, one an assoiate an algebra, alled the Hall algebra. Kapranov studied
this algebra when A is the ategory of oherent sheaves over a smooth projetive urve
dened over a nite eld, and observed analogies with quantum ane algebras. We
reover here in an elementary way his results in the ase when the urve is the proje-
tive line.
Résumé
A toute atégorie abélienne A de dimension homologique 1 vériant ertaines on-
ditions de nitude, on peut assoier une algèbre appelée l'algèbre de Hall. Kapranov a
étudié ette algèbre lorsque A est la atégorie des faiseaux ohérents sur une ourbe
projetive lisse dénie sur un orps ni et a observé des analogies entre l'algèbre de
Hall et les algèbres anes quantiques. Nous redémontrons de manière élémentaire ses
résultats dans le as où la ourbe est la droite projetive.
Introdution
The ombinatorial lattie struture of objets in an abelian ategory A of homologial di-
mension 1 satisfying ertain niteness onditions may be enoded in an algebrai struture,
alled the Hall algebra of A. Hall's original results, as desribed in Chapters II and III
of Madonald's book [13℄, onern the ategory of modules of nite length over a disrete
valuation ring with nite residue eld.
A deade ago Ringel studied the Hall algebra of the ategory of nite-dimensional repre-
sentations over a nite eld Fq of a quiver whose underlying graph Γ is a Dynkin diagram of
type A, D, or E. He showed that a suitable modiation of this Hall algebra yields an alge-
bra isomorphi to the positive part of Drinfeld's and Jimbo's quantized enveloping algebra
assoiated to Γ and speialized at the value q of the parameter (see [8℄ or Setion 2 of [16℄
for an introdution to Ringel's results).
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More reently, Kapranov investigated the ase when A is the ategory of oherent sheaves
over a smooth projetive urve X dened over Fq. In a remarkable paper [12℄, he used un-
ramied automorphi forms, Eisenstein series and L-funtions to translate the geometrial
properties of X into the algebrai struture of Ringel's modiation of the Hall algebra
of A. This allowed him to observe some striking similarities between suh a Hall algebra
and Drinfeld's loop realization of the quantum ane algebras [6℄. In the ase when X is the
projetive line P1(Fq), Kapranov dedued from his general onstrutions an isomorphism be-
tween a ertain subalgebra of the Hall algebra and a ertain positive part of the (untwisted)
quantum ane algebra Uq(ŝl2).
The main objetive of this artile is to reover Kapranov's isomorphism for the projetive
line in a more elementary way. Avoiding any use of adeli theory or of automorphi forms,
we ompute diretly the struture onstants of the Hall algebra of the ategory of oherent
sheaves over P1(Fq). This approah moves us away from the analogy that motivated Kapra-
nov, but hopefully makes his results more aessible and onrete. We also observe that
Kapranov's isomorphism yields a natural denition for the vetors of the Poinaré-Birkho-
Witt basis of Uq(ŝl2) that Bek, Chari, and Pressley introdued in [2℄.
The paper is organized as follows. In Setion 1 we give the denitions of the Hall algebra
and of its Ringel variant assoiated to an abelian ategory satisfying adequate onditions.
In Setion 2 we reall basi fats on the ategory A of oherent sheaves on the projetive
line P1(k) over an arbitrary eld k and we analyse arefully the extensions between ertain
elementary objets. This leads in Setion 3.1 to Theorem 13, whih provides many struture
onstants of the Hall algebra of A when k = Fq. Now every oherent sheaf an be written
as the diret sum of its torsion subsheaf and of a loally free subsheaf. The existene of
suh deompositions gives rise to a fatorization of the Hall algebra as a semidiret produt
of two subalgebras, denoted below by B1 and H(Ator), and related to loally free oherent
sheaves and torsion sheaves, respetively. By an averaging proess whih takes into aount
all losed points of P1(Fq), we dene in Setions 3.2 and 3.3 a subalgebra B0 of H(Ator).
In the nal Setion 4, we reall the denition of the quantum ane algebra Uq(ŝl2) and we
relate it to the subalgebra of the Hall algebra generated by B0 and B1.
Our interest in this subjet grew out of a seminar held in Strasbourg during the
winter 199697 and aimed at understanding Kapranov's paper [12℄. We are grateful to
Henri Carayol, Florene Leomte, Louise Nyssen, Georges Papadopoulo, and Mar Rosso
for their enlightening letures. The rst author also aknowledges the nanial support of
the Frenh Ministère de l'Eduation Nationale, de la Reherhe et de la Tehnologie and of
the CNRS.
1 Hall algebras
1.1 Initial data
Let k be a eld. Reall that an abelian ategory A is said to be k-linear if the homomorphism
groups in A are endowed with the struture of k-vetor spaes, the omposition of morphisms
being k-bilinear operations. In the sequel, we will onsider abelian k-linear ategories A
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satisfying the following niteness onditions (H1)(H4):
(H1) The isomorphism lasses of objets in A form a set Iso(A).
(H2) For all objets V , W in A, the k-vetor spae HomA(V,W ) is nite-dimensional.
(H3) For all objets V , W in A, the k-vetor spae Ext1A(V,W ), dened as a set of equiva-
lene lasses of short exat sequenes of the form
0→ W → U → V → 0,
is nite-dimensional.
(H4) A an be imbedded as a full subategory in an abelian k-linear ategory B with enough
injetives (or projetives), A is losed under extensions in B, and Ext2
B
(V,W ) = 0 for
all objets V , W in A.
The isomorphism lass of an objet V in A will be denoted by [V ] ∈ Iso(A), and the
isomorphism lass of the zero objet by 0. It will be onvenient to hoose a preferred objet
M(α) in eah isomorphism lass α ∈ Iso(A). Condition (H2) implies that A satises the
Krull-Shmitt property: eah objet V in A an be written as a diret sum W1⊕· · ·⊕Wℓ of
indeomposable objets, the isomorphism lasses of the objets Wi and their multipliities
in the deomposition being uniquely determined. Finally, Condition (H4) ensures that short
exat sequenes in A give rise to 6-term exat sequenes of k-vetor spaes involving the
bifuntors HomA(−,−) and Ext
1
A
(−,−).
Among the ategories A that we will onsider, ertain enjoy an additional niteness
ondition (H5), namely:
(H5) Eah objet in A has a nite ltration with simple quotients (Jordan-Hölder series).
1.2 The Grothendiek group and the Euler form
The Grothendiek groupK(A) of the ategoryA is, by denition, the abelian group presented
by the generators d(α), where α ∈ Iso(A), together with the relations d(β) = d(α) + d(γ)
whenever there is a short exat sequene
0 −→M(γ) −→M(β) −→ M(α) −→ 0.
If V is an objet in A, we will write d(V ) instead of d([V ]) to denote the image of its lass in
the Grothendiek group. If A satises Condition (H5), then K(A) is the free abelian group
on the symbols d(α), for all isomorphism lasses α ∈ Iso(A) of simple objets.
Using the 6-term exat sequenes in ohomology, one may dene a biadditive form 〈·, ·〉
on K(A) suh that for all objets V , W of A,
〈d(V ), d(W )〉 = dimHomA(V,W )− dimExt
1
A
(V,W ).
This form is alled the Euler form.
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1.3 Hall numbers
In the remainder of Setion 1, the eld k will be the nite eld Fq with q elements.
Given an isomorphism lass α ∈ Iso(A), we denote the order of the automorphism group
AutA(M(α)) by gα.
Given three isomorphism lasses α, β, γ ∈ Iso(A), we denote by φβαγ the number of sub-
objets X ⊆M(β) suh that X ∈ γ and M(β)/X ∈ α. To be more preise, let S(α, β, γ) be
the set of pairs
(f, g) ∈ HomA(M(γ),M(β))× HomA(M(β),M(α))
suh that the sequene
0 −→M(γ)
f
−→M(β)
g
−→M(γ) −→ 0
is exat. The group AutA(M(α)) × AutA(M(γ)) ats freely on S(α, β, γ), and φ
β
αγ is by
denition the ardinality of the quotient spae S(α, β, γ)/(AutA(M(α))× AutA(M(γ))).
The integer φβαγ is alled a Hall number. It is zero if d(β) 6= d(α) + d(γ). Hall numbers
have the following properties.
Proposition 1 If α, β, γ, δ ∈ Iso(A) are isomorphism lasses, then
(i) there are only nitely many isomorphism lasses λ suh that φλαγ 6= 0;
(ii) if (H5) holds, there are only nitely many pairs (ρ, σ) ∈ Iso(A)2 suh that φβρσ 6= 0;
(iii) φβα0 = δαβ and φ
β
0γ = δβγ (Kroneker symbols);
(iv)
∑
λ∈Iso(A)
φλαβφ
δ
λγ =
∑
λ∈Iso(A)
φδαλφ
λ
βγ;
(v) qdimHomA(M(α),M(γ)) φβαγ gαgγ/gβ is an integer;
(vi)
∑
λ∈Iso(A)
φλαγ gαgγ/gλ = q
−〈d(α),d(γ)〉
;
(vii) if M(α) and M(γ) are indeomposable objets and M(β) is a deomposable objet, then
q − 1 divides φβαγ − φ
β
γα;
(viii) the following formula holds:
gαgβgγgδ
∑
λ∈Iso(A)
φλαβ φ
λ
γδ/gλ =
∑
ρ,ρ′,σ,σ′∈Iso(A)
q−〈d(ρ),d(σ
′)〉 φαρρ′ φ
β
σσ′ φ
γ
ρσ φ
δ
ρ′σ′ gρgρ′gσgσ′ .
In the above statement, the sums in Items (iv), (vi) and (viii) involve a nite number of
non-zero terms.
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Proof. Assertion (i) holds beause the extension group Ext1A(M(α),M(γ)) is a nite set.
Conditions (H3) and (H5) imply that the map d : Iso(A) → K(A) has nite bers; Asser-
tion (ii) follows from this fat. Assertion (iii) is trivial. Assertion (iv) is Proposition 1 in [15℄.
Items (v) and (vi) are onsequenes of Proposition I.3.4 in [18℄ (see also [13℄, p. 221). To
prove (vii), it sues to follow the proof of Proposition 1 in [16℄. Finally, to prove (viii), one
an adapt the proof of Theorem 2 in [7℄ to the present framework. 
1.4 The Hall algebra and the Ringel-Green bialgebra
We will use Z˜ = Z[v, v−1]/(v2 − q) as the ground ring. Let H(A) be the free Z˜-module on
the symbols α, where α runs over Iso(A). The multipliation
α · γ =
∑
β∈Iso(A)
φβαγ β
endows H(A) with the struture of an assoiative Z˜-algebra with unit given by 0. This
follows from Items (i), (iii), and (iv) of Proposition 1. The algebra H(A) is alled the Hall
algebra of the ategory A. It is graded by the group K(A), the symbol α being homogeneous
of degree d(α).
Ringel [14℄ observed that the Euler form of Setion 1.2 allows to equip H(A) with another
multipliation ∗, whih is dened on the basis vetors of H(A) by
α ∗ γ = v〈d(α),d(γ)〉 α · γ.
Sine the Euler form is biadditive, this law endows H(A) with another struture of an
assoiative Z˜-algebra, alled the Ringel algebra of A.
If Condition (H5) holds, then one an dene a oprodut ∆ : H(A) → H(A) ⊗
Z˜
H(A)
and a oünit ε : H(A)→ Z˜ by
∆(β) =
∑
α,γ∈Iso(A)
v〈d(α),d(γ)〉
gαgγ
gβ
φβαγ (α⊗ γ) and ε(β) = δβ0,
for all β ∈ Iso(A). In this way, H(A) beomes a Z˜-oalgebra in view of Properties (ii)(v)
of Proposition 1. Property (viii) of Proposition 1 implies that ∆ is an homomorphism of
algebras when one equips H(A)⊗
Z˜
H(A) with the following twisted produt:
(α⊗ β) ∗ (γ ⊗ δ) = v〈d(β),d(γ)〉+〈d(γ),d(β)〉 (α ∗ γ)⊗ (β ∗ δ),
where α, β, γ, δ ∈ Iso(A). Endowed with the Ringel produt ∗, the oprodut ∆, and the
oünit ε, the Z˜-module H(A) is alled the twisted Ringel-Green bialgebra.
Remark 2. Suppose A satises (H5). In order to turn the twisted Ringel-Green bialgebra
into an atual bialgebra, Jie Xiao [19℄ and Kapranov [12℄ proeed as follows. They observe
that the group K(A) ats by automorphisms on the Ringel algebra H(A) by
x · α = v−〈x,d(α)〉−〈d(α),x〉 α,
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where x ∈ K(A) and α ∈ Iso(A). Using this ation, they form the twisted group algebra
B(A) of K(A) over H(A). The algebra B(A) is a free Z˜-module with basis the set of symbols
Kx ⊗ α, where x ∈ K(A) and α ∈ Iso(A). The multipliation on B(A) is given by
(Kx ⊗ α)(Ky ⊗ β) = v
〈y,d(α)〉+〈d(α),y〉 Kx+y ⊗ (α ∗ β),
for all x, y ∈ K(A) and α, β ∈ Iso(A).
Endowed with the oprodut ∆ : B(A) → B(A)⊗
Z˜
B(A) and the oünit ε : B(A) → Z˜
given by
∆(Kx ⊗ β) =
∑
α,γ∈Iso(A)
v〈d(α),d(γ)〉
gαgγ
gβ
φβαγ (Kx ⊗ α)⊗ (Kx+d(α) ⊗ γ)
and
ε(Kx ⊗ β) = δβ0,
B(A) beomes a Z˜-bialgebra. Jie Xiao and Kapranov further show that B(A) has an an-
tipode.
2 Coherent sheaves over the projetive line
Let k be a eld. In this setion, we investigate the ategory A of oherent sheaves over
the projetive line P1(k). We determine the indeomposable objets of A and study ertain
extensions between them. This information will be used in Setion 3 to determine struture
onstants of the Hall algebra H(A) when k is a nite eld.
2.1 Generalities on oherent sheaves on P1(k)
We put homogeneous oordinates (t : u) on P1(k). The two ane open subsets
U ′ = {(t : u) | t 6= 0} and U ′′ = {(t : u) | u 6= 0}
over P1(k), and the formulae z = u/t and z−1 = t/u dene oordinates on U ′ and U ′′
respetively. The rings k[z] and k[z−1] are the respetive rings of regular funtions on U ′
and U ′′.
A losed point x of P1(k) is the zero lous of an irreduible homogeneous polynomial
P ∈ k[T, U ]. If P is proportional to the polynomial T , then the losed point is the point at
innity∞. If P is not proportional to T , then x an be viewed as the zero lous in U ′ of the
irreduible polynomial P (1, z) ∈ k[z]. In any ase, x determines P up to a non-zero salar,
and the degree deg x of x is dened as the degree of P .
We will use the following onvention: if A is a ommutative ring, M an A-module and z
an element of A, then Mz denotes the loalized A-module obtained from M by inverting z.
An analogous notation will be used for morphisms.
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We are now ready to dene the ategory A of oherent sheaves on P1(k). An objet
of A is a triple (M ′,M ′′, ϕ), where M ′ is a nitely generated k[z]-module, M ′′ is a nitely
generated k[z−1]-module, and ϕ : M ′z → M
′′
z−1 is an isomorphism of k[z, z
−1]-modules. A
morphism in A from the oherent sheaf (M ′,M ′′, ϕ) to the oherent sheaf (N ′, N ′′, ψ) is a
pair of maps (f ′, f ′′), where f ′ : M ′ → N ′ is a k[z]-linear map and f ′′ : M ′′ → N ′′ is a
k[z−1]-linear map suh that ψ ◦f ′z = f
′′
z−1 ◦ϕ. One also denes in an obvious way the notions
of diret sums and exat sequenes in A, so that A beomes an abelian k-linear ategory.
This denition of A is equivalent to the standard geometri denition that an be found, for
instane, in Setion II.5 of [10℄.
A oherent sheaf (M ′,M ′′, ϕ) is said to be loally free ifM ′ andM ′′ are free modules over
k[z] and k[z−1] respetively. The full subategory of A onsisting of all loally free sheaves
will be denoted by Alf .
For any n ∈ Z, we onstrut a loally free oherent sheaf (M ′,M ′′, ϕ) by lettingM ′ = k[z],
M ′′ = k[z−1], and ϕ : k[z, z−1]→ k[z, z−1] be the multipliation by z−n. As usual, this sheaf
will be denoted by O(n). (The struture sheaf OP1(k) of the projetive line is the sheaf O(0).)
For any m,n ∈ Z, the spae of homogeneous polynomials F ∈ k[T, U ] of degree n − m
is naturally isomorphi to the homomorphism spae HomA(O(m),O(n)): one assoiates to
F the pair of maps (f ′, f ′′), where f ′ : k[z] → k[z] is the multipliation by F (1, z) and
f ′′ : k[z−1]→ k[z−1] is the multipliation by F (z−1, 1).
A oherent sheaf (M ′,M ′′, ϕ) is alled a torsion sheaf if M ′ is a torsion k[z]-module,
whih is equivalent to a similar requirement for M ′z, M
′′
z−1, or M
′′
. The full subategory of
A onsisting of all torsion sheaves will be denoted by Ator.
Given an irreduible homogeneous polynomial P ∈ k[T, U ] of degree d and an integer
r ≥ 1, the r-th power polynomial P r denes a morphism from O(−rd) to O(0). The okernel
is the torsion sheaf (M ′,M ′′, ϕ), where M ′ = k[z]/(P (1, z)r), M ′′ = k[z−1]/(P (z−1, 1)r) and
ϕ is indued by the identity of k[z, z−1]. If x is the losed point orresponding to P , we
denote this torsion sheaf by Or[x].
Proposition 3 (i) The ategory A is k-linear, abelian, and satises Conditions (H1)(H4)
of Setion 1.1. The subategories Alf and Ator of A are losed under extensions. The ategory
Ator is k-linear, abelian, and satises Conditions (H1)(H5) of Setion 1.1.
(ii) Every oherent sheaf F an be written as a diret sum F0 ⊕ F1, where F0 is a torsion
sheaf and F1 is loally free. The isomorphism lasses of F0 and F1 are determined by the
isomorphism lass of F.
(iii) Up to isomorphism, the indeomposable objets in A are the loally free sheaves O(n),
where n ∈ Z, and the torsion sheaves Or[x], where r is an integer ≥ 1 and x is a losed point
of P1(k).
Proof. (i) It is lear that A is abelian and satises Condition (H1). Propositions III.2.2,
III.6.3 (), III.6.4, and III.6.7, Theorems III.2.7 and III.5.2 (a), and Exerise III.6.5 of [10℄
imply that A satises Conditions (H2)(H4). It follows from the denitions that Alf and
Ator are losed under extensions in A, so that Alf and Ator also satisfy Conditions (H1)
(H4). Sine subobjets and quotients of torsion sheaves are torsion sheaves, Ator is abelian.
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Finally, the simple fat that nitely generated torsion modules over prinipal ideal domains
have Jordan-Hölder series implies that Ator satises Condition (H5).
(ii) Let F be a oherent sheaf. One an dene in an obvious way the torsion subsheaf
tor(F) of F, and the quotient sheaf F/tor(F) is loally free. By Serre's vanishing theorem
(Theorem III.5.2 (b) in [10℄), the extension group Ext1
A
(F/tor(F), tor(F)) vanishes. Thus
the short exat sequene
0 −→ tor(F) −→ F −→ F/tor(F) −→ 0
splits and one gets the deomposition F ≃ tor(F) ⊕ F/tor(F). Conversely, given a de-
omposition F = F0 ⊕ F1 as in the statement of Assertion (ii), one has F0 = tor(F) and
F1 ≃ F/F0 = F/tor(F).
(iii) By Assertion (ii), an indeomposable oherent sheaf is either a torsion sheaf or a loally
free sheaf. The lassiation of torsion modules over the prinipal ideal domains k[z] and
k[z−1] leads to the fat that the indeomposables torsion oherent sheaves are the sheaves
Or[x], where r ≥ 1 and x is a losed point of P
1(k). On the other hand, a theorem of
Grothendiek [9℄ asserts that any loally free oherent sheaf is isomorphi to a diret sum
O(n1)⊕ · · · ⊕O(nr) for some sequene n1 ≤ · · · ≤ nr of uniquely determined integers. Thus
the sheaves O(n) are the indeomposable loally free oherent sheaves.

2.2 The Grothendiek group and the Euler form
We dene the rank and the degree of an indeomposable sheaf by
rkO(n) = 1, degO(n) = n, rkOr[x] = 0, and degOr[x] = r deg x.
Sine every oherent sheaf an be written in an essentially unique way as a sum of inde-
omposable sheaves, we may extend additively the notions of rank and degree to arbitrary
oherent sheaves. Note that the torsion sheaves are the sheaves whose rank is 0.
It is well-known from algebrai geometry that the rank and degree maps fator through
the Grothendiek group K(A), dening a morphism of abelian groups υ : K(A)→ Z2 by
d(F) 7→ (rkF, degF).
Proposition 4 (i) The homomorphism υ : K(A) → Z2 is an isomorphism of abelian
groups.
(ii) The Euler form on K(A) is given for all oherent sheaves F and G by
〈d(F), d(G)〉 = rkF rkG+ rkF deg G− degF rkG. (1)
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Proof. (i) It is well known (for details, see Proposition 6) that there are short exat sequenes
of the form
0 −→ O(m) −→ O(a)⊕ O(m+ n− a) −→ O(n) −→ 0
whenever m ≤ a ≤ m+ n− a ≤ n. Setting m = 0, we get
d(O(n)) = d(O(a)) + d(O(n− a))− d(O(0))
when 0 ≤ a ≤ n, and an easy indution shows that
d(O(n)) = n d(O(1)) + (1− n) d(O(0)) (2)
for all integers n ≥ 1. A similar argument shows the validity of (2) for n ≤ 0.
Now take a losed point x and an integer r ≥ 1. By denition, the sheaf Or[x] is the okernel
of an homomorphism in HomA(O(−r deg x),O(0)), so
d(Or[x]) = d(O(0))− d(O(−r deg x)) = r deg x (d(O(1))− d(O(0))) .
The above disussion shows that d(O(0)) and d(O(1)) generate the group K(A). Sine
υ(d(O(0))) = (1, 0) and υ(d(O(1))) = (1, 1) form a basis of Z2, Statement (i) holds.
(ii) Using the Riemann-Roh formula (Theorem IV.1.3 in [10℄) and standard results of sheaf
ohomology (Propositions II.5.12, III.6.3 (), and III.6.7 in [10℄), we obtain
〈d(O(m)), d(O(n))〉 = dimHomA(O(m),O(n))− dimExt
1
A
(O(m),O(n))
= dimHomA(OP1(k),O(n−m))− dimExt
1
A
(OP1(k),O(n−m))
= dimH0(P1(k),O(n−m))− dimH1(P1(k),O(n−m))
= 1 + deg(O(n−m))
= 1 + n−m
= rkO(m) rkO(n) + rkO(m) degO(n) − degO(m) rkO(n)
for all m,n ∈ Z. This proves (1) when F and G are loally free sheaves of rank 1. Sine the
lasses of O(0) and O(1) generate K(A), the general ase follows by the biadditivity of both
sides of (1).

2.3 Extensions of loally free sheaves
Our rst original result, presented below, desribes the extensions between the indeompos-
able loally free sheaves. Beforehand, let us reord the following easy lemma, whih is a
onsequene of the desription of the homomorphism spaes HomA(O(m),O(n)) realled in
Setion 2.1.
Lemma 5 For all m,n ∈ Z,
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(i) any non-zero element in HomA(O(m),O(n)) is a monomorphism;
(ii) as a k-algebra, EndA(O(n)) ≃ k;
(iii) the k-vetor spae HomA(O(m),O(n)) has dimension max(0, n−m+ 1).
We now analyse the short exat sequenes of the form
0 −→ O(m)
f
−→F
g
−→O(n) −→ 0.
By Proposition 3 (i), the oherent sheaf F is neessarily loally free. Using rank onsidera-
tions and Proposition 3 (iii), we may assume, without any loss, that F is the sheaf O(p)⊕O(q)
for some integers p and q ∈ Z.
Proposition 6 Let m, n, p, q be integers, and onsider a sequene of the form
0 −→ O(m)
f
−→O(p)⊕ O(q)
g
−→O(n) −→ 0.
Let
h ∈ HomA(O(m),O(p)), j ∈ HomA(O(p),O(n)),
i ∈ HomA(O(m),O(q)), ℓ ∈ HomA(O(q),O(n)),
be dened by f = h ⊕ i and g = j ⊕ ℓ, and all H, I, J , L the homogeneous polynomials
in k[T, U ] representing h, i, j, ℓ, respetively. Then the sequene is a non-split short exat
sequene if and only if the following three onditions are satised:
(a) m < min(p, q), max(p, q) < n, p+ q = m+ n.
(b) J and L are oprime polynomials.
() There is a non-zero salar E suh that H = EL and I = −EJ .
Proof. We rst prove that Conditions (a), (b), and () are neessary. Suppose that the
sequene is exat and non-split. If one of the homomorphism h or i were the zero arrow,
then the other one would be an isomorphism sine the okernel of f is indeomposable, and
the sequene would split. Similarly, neither j nor ℓ an vanish. The four maps h, i, j, and ℓ
are thus non-zero, and none of them is an isomorphism. In view of Lemma 5 (ii) and (iii),
it follows that m < p, q < n. For degree reasons we also have m + n = p + q. Therefore
Condition (a) holds.
Let us turn to Condition (b). In the unique fatorization domain k[T, U ], one may on-
sider a g..d. D of the polynomials J and L. Sine every irreduible fator of a homogeneous
polynomial is itself homogeneous (by uniqueness of the fatorization), the polynomial D
is homogeneous and dene a homomorphism d ∈ HomA(O(n − degD),O(n)). We get a
fatorization
O(p)⊕ O(q)
g
−−−−−−−→ O(n)
ց ր d
O(n− degD)
.
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Sine g is surjetive, so must be d. The non-zero morphism d being injetive by Lemma 5 (i),
it is an isomorphism, whih implies that degD = 0. Thus J and L are oprime, and
Condition (b) holds.
Finally, the equality g ◦ f = 0 implies that HJ + IL = 0. Condition (b) and Gauss's
lemma then imply the existene of a non-zero homogeneous polynomial E ∈ k[T, U ] suh
that H = EL and I = −EJ . Sine
2 degE = degH + deg I − degL− deg J = (p−m) + (q −m)− (n− q)− (n− p) = 0,
E is a onstant polynomial, whih proves Condition ().
In order to prove the onverse statement, we now assume that Conditions (a), (b), and
() are fullled. Over the ane subset U ′, our sequene of sheaves reads
0 −→ O(m)(U ′)
fU′=hU′⊕iU′−−−−−−−→ O(p)(U ′)⊕ O(q)(U ′)
gU′=jU′⊕ℓU′−−−−−−−→ O(n)(U ′) −→ 0,
‖ ‖ ‖
k[z] k[z]⊕ k[z] k[z]
where the maps hU ′ , iU ′, . . . are the multipliations by H(1, z), I(1, z), . . . respetively.
Condition (b) implies that the polynomials J(1, z) and L(1, z) are oprime, whih ensures
by Bezout's lemma that the k[z]-linear map gU ′ is surjetive. An analogous simple reasoning
based on Gauss's lemma shows that Conditions (b) and () imply that ker gU ′ = im fU ′ .
Thus our sequene of sheaves is exat over the open subset U ′. A similar argument an be
used over U ′′, and we onlude that our sequene of sheaves is exat. 
Corollary 7 If m,n ∈ Z are integers satisfying n ≤ m + 1, then the extension group
Ext1
A
(O(n),O(m)) vanishes.
2.4 Torsion sheaves
Torsion sheaves will play an important rle in Setion 3. Although they are simpler objets
than loally free sheaves, their preise desription is rather tehnial. In this setion, we set
some further notation and we establish some basi fats.
Aording to standard terminology, a partition is a non-inreasing sequene of non-
negative integers with only nitely many non-zero terms: λ = (λ1 ≥ λ2 ≥ · · · ) with λi = 0
for i big enough. The length of λ is the smallest integer ℓ ≥ 0 suh that λℓ+1 = 0, and the
weight |λ| of λ is the sum of the non-zero integers λi. We also put n(λ) =
∑
i≥1(i − 1)λi,
as in [13℄. The empty partition is the partition with no non-zero part; the partition with r
non-zero parts, all equal to 1, is denoted by (1r); the partition with one non-zero part, equal
to r, is denoted by (r).
For any losed point x and any partition λ = (λ1 ≥ λ2 ≥ · · · ) of length ℓ, we dene the
torsion sheaf
Oλ[x] = Oλ1[x] ⊕ · · · ⊕ Oλℓ[x].
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For instane, O(1r)[x] =
(
O[x]
)⊕r
and O(r)[x] = Or[x]. By Proposition 3 (iii), for any torsion
sheaf F, there is a nite family (xi)1≤i≤t of distint losed points of P
1(k) and a nite family
(λ(i))1≤i≤t of non-empty partitions suh that
F ≃ Oλ(1) [x1] ⊕ · · · ⊕ Oλ(t)[xt].
The set {x1, . . . , xt}, uniquely determined by the sheaf F, is alled the support of F. We
will denote by A{x} the full subategory of A onsisting of all torsion sheaves with support
inluded in {x}.
Lemma 8 (i) If F and G are torsion sheaves with disjoint supports, then HomA(F,G) =
Ext1A(F,G) = 0.
(ii) Let x be a losed point of P1(k). The ategory A{x} is k-linear, abelian, and satises
Conditions (H1)(H5) of Setion 1.1.
(iii) The ategory Ator is the diret sum of the subategories A{x}, where x runs over the set
of all losed points of P1(k).
(iv) If F is a loally free sheaf and G a torsion sheaf, then HomA(G,F) = Ext
1
A(F,G) = 0.
(v) For any losed point x, any partition λ, and any n ∈ Z, the k-vetor spae
HomA(O(n),Oλ[x]) has dimension |λ| deg x.
Proof. Assertion (i) is a onsequene of the struture theorem for nitely generated torsion
modules over a prinipal ideal domain. This assertion implies that the lass of sheaves with
support in some xed nite set {x1, . . . , xt} of losed points of P
1(k) is losed under the
operations of taking subobjets, quotients, and extensions. Assertion (ii) follows therefore
from Assertion (i) and Proposition 3 (i). Sine every torsion sheaf an be uniquely written
as a diret sum of subsheaves belonging to subategories A{x}, Assertion (iii) follows from
Assertion (i).
Now let F be a loally free sheaf and G be a torsion sheaf. The vanishing of HomA(G,F)
is a diret onsequene of the denitions in Setion 2.1, while that of Ext1
A
(F,G) follows from
Serre's vanishing theorem. Thus Assertion (iv) holds.
Finally, let n ∈ Z, λ be a partition, and x be a losed point of P1(k). The sheaf Oλ[x]
has rank 0 and degree |λ| deg x, and the extension group Ext1
A
(O(n),Oλ[x]) vanishes. Using
Proposition 4 (ii), we therefore get
dimHomA(O(n),Oλ[x]) = 〈O(n),Oλ[x]〉
= rkO(n) rkOλ[x] + rkO(n) degOλ[x] − degO(n) rkOλ[x]
= rkO(n) degOλ[x]
= |λ| deg x.

12
Further properties of the ategories A{x} (and of their Hall algebras when k is a nite
eld) required in Setion 3 rely on an isomorphism of ategories, whih we now desribe.
Let x be a xed losed point of P1(k), dened by an irreduible homogeneous polynomial
P ∈ k[T, U ]. If x belongs to the ane open set U ′ (respetively to U ′′), one denes the loal
ring OP1(k),x of rational funtions regular near x as the loalization of k[z] at the prime ideal
generated by P (1, z) (respetively as the loalization of k[z−1] at the prime ideal generated by
P (z−1, 1)). If x belongs to U ′ and to U ′′, then both denitions of OP1(k),x yield isomorphi
rings. We denote by kx the residue eld of OP1(k),x; the eld kx is an extension of k of
degree deg x. We hoose a generator πx of the maximal ideal of OP1(k),x (uniformizer). We
nally denote by OP1(k),x-modf the ategory of OP1(k),x-modules of nite length, that is, of
modules that are nitely generated and annihilated by some power of the uniformizer πx.
The following statement is lear from the denitions.
Proposition 9 Let x be a losed point of P1(k). There is an exat additive k-linear funtor
from OP1(k),x-modf to A{x}, whih yields an isomorphism of ategories, and whih sends the
OP1(k),x-module OP1(k),x/(πx
r) to the sheaf Or[x].
2.5 Mixed extensions
We now investigate the extensions of ertain torsion sheaves by indeomposable loally free
sheaves. We begin with the following lemma.
Lemma 10 Let x be a losed point of P1(k), orresponding to an irreduible homogeneous
polynomial P ∈ k[T, U ]. Let m,n ∈ Z, let F ∈ k[T, U ] be a non-zero homogeneous polynomial
of degree n −m, and let f ∈ HomA(O(m),O(n)) be the morphism represented by F . If the
support of the okernel of f is inluded in {x}, then there exists an integer r ≥ 1 suh that
F = P r, up to a non-zero salar, and one has coker f ≃ Or[x].
Proof. The polynomial F represents a morphism f˜ : O(m − n) → O(0). By unique fa-
torization, and up to a non-zero salar, we an write F = P r11 · · ·P
rt
t , for some positive
integers r1, . . . , rt and some distint irreduible homogeneous polynomials P1 . . . , Pt. For
eah 1 ≤ i ≤ t, let xi be the losed point of P
1(k) orresponding to Pi. The homoge-
neous polynomial P rii denes an element of HomA(O(−ri degPi),O(0)) whose okernel is
Ori[xi], whene a anonial morphism gi : O(0)→ Ori[xi]. A diret appliation of the Chinese
remainder theorem implies that the sequene
0 −→ O(m− n)
f˜
−→O(0)
⊕gi
−→ ⊕ti=1 Ori[xi] −→ 0
is exat over the ane subsets U ′ and U ′′, hene is exat. Taking the tensor produt with
the loally free sheaf O(n), we get an exat sequene
0 −→ O(m)
f
−→O(n) −→ ⊕ti=1Ori[xi] −→ 0.
Therefore, the okernel of f is isomorphi to Or1[x1] ⊕ · · · ⊕ Ort[xt]. If the support of coker f
is inluded in {x}, then t = 1 and P1 = P , up to a non-zero salar, whih entails the lemma.

13
Proposition 11 Given a losed point x and an integer r ≥ 1, let
0 −→ O(m)
f
−→F
g
−→O(1r)[x] −→ 0
be a non-split short exat sequene of oherent sheaves. Then the middle term F is isomorphi
to O(1r−1)[x] ⊕ O(m + deg x). If we write f = h ⊕ i in this deomposition, then h = 0 and
coker i ≃ O[x].
Proof. We an write F as the diret sum of its torsion subsheaf F0 = tor(F) and a loally
free subsheaf F1 ≃ F/tor(F) of rank 1. Write the maps f and g as h ⊕ i and j ⊕ ℓ in the
deomposition F = F0 ⊕ F1. The morphism h annot be injetive, so i annot be zero, so i
is injetive (Lemma 5 (i)), and it follows that j is injetive. Thus F0 must be isomorphi to
a subobjet of O(1r)[x].
Under the isomorphism of ategories desribed in Proposition 9, the sheaf O(1r)[x] or-
responds to the elementary OP1(k),x-module
(
OP1(k),x/(πx)
)⊕r
, hene to a vetor spae of
dimension r over the residue eld kx. This shows that F0 is isomorphi to O(1s)[x] for some
s ≤ r. In the same way, and using Lemma 10, we see that the image of ℓ is either 0 or
isomorphi to O[x].
Now if the sequene is not split, then j is not an isomorphism, whih rules out the ase
s = r. The surjetivity of g then requires that s = r − 1, that im ℓ ≃ O[x], and that
O(1r)[x] = im j⊕ im ℓ. The equality g ◦ f = 0 then splits into the two equalities j ◦ h = 0 and
ℓ ◦ i = 0. Sine j is injetive, we get h = 0 and thus coker i ≃ O[x]. Finally we ompute
degF1 = degO(m) + degO(1r)[x] − degF0 = m+ r deg x− s deg x = m+ deg x,
whih shows that F1 ≃ O(m+ deg x). 
3 The Hall algebra of Coh(P1(Fq))
From now on, k is the nite eld Fq with q elements, while A still stands for the ategory of
oherent sheaves over P1(k). In this setion, we desribe the Ringel algebra H(A). Relying
on results of Setion 2, we rst ompute some Hall numbers. Using results explained in
Chapters II and III of [13℄, we next investigate more losely the Ringel algebras H(A{x})
and H(Ator), whih will be viewed as subalgebras of H(A). This allows us eventually to
dene a ertain subalgebra B of H(A), whih will turn out in Setion 4 to be related to the
quantum ane algebra Uq(ŝl2).
3.1 Some Hall numbers for A
We start with the following easy ombinatorial lemma.
Lemma 12 The number ϕ(a, b) of pairs (J, L) ∈ Fq[T, U ] onsisting of oprime homoge-
neous polynomials of degree a and b respetively, is given by
ϕ(a, b) =
{
(q − 1)(qa+b+1 − 1) if a = 0 or b = 0,
(q − 1)(q2 − 1)qa+b−1 if a ≥ 1 and b ≥ 1.
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Proof. Let S be the set of pairs (J, L) ∈ Fq[T, U ] onsisting of non-zero homogeneous poly-
nomials of degree a and b respetively. The ardinality of S is (qa+1− 1)(qb+1− 1). One an
also ount the number of elements in S by fatoring out a g..d. D of J and L. For a xed
degree d ≤ min(a, b), there are (qd+1− 1)/(q− 1) possibilities for D up to a non-zero salar,
and we thus get the relation
(qa+1 − 1)(qb+1 − 1) =
min(a,b)∑
d=0
qd+1 − 1
q − 1
ϕ(a− d, b− d).
The lemma then follows by indution on min(a, b). 
For any losed point x of P1(Fq), let qx = q
deg x
be the ardinal of the residue eld of
the loal ring OP1(Fq),x. We denote the greatest integer less than or equal to a real number
a by ⌊a⌋. The following theorem provides Hall numbers for the ategory A.
Theorem 13 In the Hall algebra H(A), one has the following relations:
(i) [O(m)⊕a][O(m)⊕b] =
(∏a−1
c=0
qa+b−c−1
qa−c−1
)
[O(m)⊕(a+b)] for every m ∈ Z and a, b ∈ N.
(ii) If F = O(n1) ⊕ · · · ⊕ O(nr) is a loally free sheaf, if m ∈ Z is stritly greater than
n1, . . . , nr, and if a is a non-negative integer, then [F][O(m)
⊕a] = [F ⊕ O(m)⊕a].
(iii) If m < n, then
[O(n)][O(m)] = qn−m+1[O(m)⊕ O(n)] +
⌊(n−m)/2⌋∑
a=1
(q2 − 1) qn−m−1 [O(m+ a)⊕ O(n− a)].
(iv) If F and G are torsion sheaves whose support are disjoint, then [F][G] = [F ⊕ G].
(v) If F is a loally free sheaf and G is a torsion sheaf, then [F][G] = [F ⊕ G].
(vi) If x is a losed point, r a positive integer and n ∈ Z, then
[O(1r)[x]][O(n)] = [O(n + deg x)⊕ O(1r−1)[x]] + q
r
x [O(n)⊕ O(1r)[x]].
Proof. (i) Sine the extension group Ext1A(O(m),O(m)) vanishes by Corollary 7, any short
exat sequene of the form
0 −→ O(m)⊕b −→ F −→ O(m)⊕a −→ 0
neessarily splits, and the produt [O(m)⊕a][O(m)⊕b] in H(A) is a salar multiple of
[O(m)⊕(a+b)]. It remains to ompute the orresponding Hall number. Sine EndA(O(m)) ≃
Fq by Lemma 5 (ii), this Hall number is equal to the number of vetor subspaes of dimension
b in a vetor spae of dimension a + b over Fq, namely to
(∏a−1
c=0
qa+b−c−1
qa−c−1
)
.
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(ii) By Corollary 7, the extension groups Ext1A(O(ni),O(m)) vanish. Thus any short exat
sequene of the form
0 −→ O(m)⊕a
f
−→G −→ F −→ 0
splits, and the produt [F][O(m)⊕a] in H(A) is a salar multiple of [F⊕O(m)⊕a]. Let us put
G = F ⊕ O(m)⊕a in the above short exat sequene, and write f = h ⊕ i aording to this
deomposition. Then h = 0, beause all spaes HomA(O(m),O(ni)) vanish by Lemma 5 (iii).
It follows that i is an automorphism. The number of suitable embeddings f : O(m)⊕a → G
is therefore equal to |AutA(O(m)
⊕a)|, and the Hall number we are looking for is equal to 1.
(iii) By Proposition 6, any short exat sequene of the form
0 −→ O(m)
f
−→F
g
−→O(n) −→ 0
either splits, in whih ase F ≃ O(m)⊕O(n), or there exists 1 ≤ a ≤ ⌊(n−m)/2⌋ suh that
F ≃ O(m+ a)⊕ O(n− a).
In the rst ase, we write f = h ⊕ i and g = j ⊕ ℓ, where h ∈ EndA(O(m)), i, j ∈
HomA(O(m),O(n)), and ℓ ∈ EndA(O(n)). Sine HomA(O(n),O(m)) = 0 by Lemma 5 (iii),
the existene of a left inverse of f requires that h be an automorphism. Similarly, ℓ is
an automorphism. The map i may be arbitrarily hosen and then the map j should be
equal to −ℓ ◦ i ◦ h−1. Thus the set of suitable pairs (f, g) is in one-to-one orrespon-
dene with AutA(O(m)) × AutA(O(n)) × HomA(O(m),O(n)), and the desired Hall number
is |HomA(O(m),O(n))| = q
n−m+1
. This yields the term qn−m+1[O(m) ⊕ O(n)] in the Hall
produt.
In the seond ase, the number of epimorphisms g : F → O(n) suh that ker g ≃ O(m) is
(q−1)(q2−1)qn−m−1 by Proposition 6 and Lemma 12. Sine |AutA(O(n))| = q−1, the Hall
number φ
[F]
[O(n)],[O(m)] is (q
2−1)qn−m−1, whene the term (q2−1) qn−m−1 [O(m+a)⊕O(n−a)]
in the Hall produt.
(iv) and (v) They follow from the vanishing of both Ext1A(F,G) and HomA(G,F) (see
Lemma 8 (i) and (iv)).
(vi) This follows from Lemma 8 (iv) and (v), Lemma 10, and Proposition 11 with the same
reasoning as for (iii).

Appliation 14. Let x be a losed point of P1(Fq) and let n ∈ Z. Using the relations in
Theorem 13 and the assoiativity of the Hall produt, one obtains after some alulation
[O[x]][O(n)
⊕2] = qx[O(n)⊕ O(n + deg x)]
+ qx
(
1−
1
q
) ⌊(deg x)/2⌋∑
a=1
[O(n + a)⊕ O(n+ deg x− a)] + qx[O(n)
⊕2 ⊕ O[x]].
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In partiular, if deg x ≥ 2, then the Hall number φ
[O(n+a)⊕O(n+deg x−a)]
[O[x]],[O(n)⊕2]
is equal to qdeg x−1(q−1)
for eah 1 ≤ a ≤ deg x − 1. By an analysis similar to those of Propositions 6 and 11, one
may dedue from this the following fat, whih we found not easy to prove diretly:
If P ∈ Fq[T ] is an irreduible polynomial of degree d ≥ 2 and if 1 ≤ a ≤ d − 1, then there
are exatly qd−1(q − 1)2 quadruples (H, I, J, L) ∈ Fq[T ]
4
onsisting of polynomials of degree
a, d− a, a− 1, d− a− 1, respetively, suh that HI − JL = P .
3.2 The Hall subalgebras H(A{x}) and H(Ator)
The information provided by Theorem 13 is not suient to ompute all produts in H(A).
For instane, the elements [Or[x]] do not appear in its statement. More generally, it remains
to understand how one an express the elements [Oλ[x]] in terms of the elements [O(1r)[x]].
Let us x a losed point x of P1(Fq). The subategory A{x} of A dened in Setion 2.4
is k-linear, abelian, and satises Conditions (H1)(H4) of Setion 1.1. We an therefore
onsider the Hall algebra H(A{x}): it is the subalgebra of H(A) spanned by the isomorphism
lasses of objets in A{x}. Note that there is no dierene between the Hall produt · and the
Ringel produt ∗ on H(A{x}) sine the Euler form vanishes on K(A{x}) by Proposition 4 (ii).
To simplify the notation, we will set ĥr,x =
∑
|λ|=r[Oλ[x]], where the sum runs over
all partitions of weight r. The ring of symmetri polynomials over the ground ring Z˜ =
Z[v, v−1]/(v2− q) in a ountable innite set of indeterminates will be denoted by Λ. We will
follow the notations of [13℄ and denote the omplete symmetri funtions, the elementary
symmetri funtions, and the Hall-Littlewood polynomials by hr ∈ Λ, er ∈ Λ, and Pλ(t) ∈
Λ[t], respetively (see Setions I.2 and III.2 of [lo. it.℄). The next statement shows in
partiular that the algebra H(A{x}) is ommutative.
Proposition 15 ([12℄, Proposition 2.3.5)
(i) There is a ring isomorphism Ψx : H(A{x}) → Λ that sends the elements ĥr,x, [O(1r)[x]],
and [Oλ[x]] of H(A{x}), respetively, to the elements hr, q
−r(r−1)/2
x er and q
−n(λ)
x Pλ(q
−1
x ) of Λ,
respetively, for any integer r ≥ 1 and any partition λ.
(ii) The Z˜-algebra H(A{x}) is a polynomial algebra on the set {ĥr,x | r ≥ 1}, as well as
on the set {[O(1r)[x]] | r ≥ 1}. The family ([Or[x]])r≥1 onsists of algebraially independent
elements and generates the Q[v]/(v2 − q)-algebra H(A{x})⊗Z Q.
Proof. The isomorphism between the ategory A{x} and the ategory of OP1(Fq),x-modules
of nite length gives rise to an isomorphism between their Hall algebras. Thus H(A{x}) is
isomorphi to the Hall algebra studied in Chapters II and III of [13℄. Assertion (i) therefore
follows from Paragraphs III (3.4), III.3 Example 1 (2), III.4 Example 1, and III (2.8) of
[lo. it.℄.
It is well-known that Λ is the Z˜-algebra of polynomials either in the omplete symmetri
funtions hr or in the elementary symmetri funtions er, for r ≥ 1 (see Statements I (2.4)
and I (2.8) of [lo. it.℄). This fat implies the rst assertion in Statement (ii). The seond
one follows from Statement III (2.16) of [lo. it.℄ and its proof. 
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We now dene three generating funtions in H(A{x})[[s]] by
Ĥx(s) = 1 +
∑
r≥1
ĥr,x s
r deg x =
∑
β∈Iso(A{x})
β sdeg β,
Êx(s) = 1 +
∑
r≥1
(−1)r qr(r−1)/2x [O(1r)[x]] s
r deg x,
Q̂x(s) = 1 +
∑
r≥1
(1− q−1x ) v
r deg x [Or[x]] s
r deg x.
Lemma 16 (i) The following relations hold in H(A{x})[[s]]:
Ĥx(s) Êx(s) = 1 and Q̂x(s) =
Ĥx(sv)
Ĥx(s/v)
.
(ii) In H(A{x})[[s]], one has
Q̂x(s) =
∑
r≥0
∣∣AutA(Or[x])∣∣ v−r deg x [Or[x]] sr deg x.
Proof. Following Paragraphs I (2.2) and I (2.5) of [13℄, we dene generating series in Λ[[s]]
by
H(s) = 1 +
∑
r≥1
hr s
r
and E(s) = 1 +
∑
r≥1
er s
r.
By Formulae I (2.6) and III (2.10) in [lo. it.℄, we have in Λ[[s]]
H(sdeg x)E(−sdeg x) = 1 and 1 +
∑
r≥1
(1− q−1x ) (sv)
r deg x P(r)(q
−1
x ) =
H((sv)degx)
H((sv)deg xq−1x )
.
Taking the inverse images by Ψx, one obtains the relations in Assertion (i). As for As-
sertion (ii), it follows from the equality
∣∣AutA(Or[x])∣∣ = qrx(1 − q−1x ) (use Formula II (1.6)
in [lo. it.℄ and Proposition 9). 
Remark 17. The ategory A{x} satisfying Condition (H5), the algebraH(A{x}) has the stru-
ture of a twisted Ringel-Green bialgebra. Sine the Euler form onK(A{x}) vanishes, the twist
in the multipliation law on H(A{x})⊗Z˜H(A{x}) is trivial, so that H(A{x}) is a Z˜-bialgebra
in the usual sense. (This fat is due to Zelevinsky, see [7℄, p. 362; moreover, H(A{x}) has an
antipode.) Now, Λ is also a Z˜-bialgebra (see Example 25 in Setion I.5 of [13℄). We laim
that the isomorphism Ψx dened in Proposition 15 preserves the oalgebra strutures. To
prove this, it sues to ompare the behaviour of the oprodut ofH(A{x}) on the generators
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ĥr,x with that of the oprodut of Λ on their images Ψx(ĥr,x) = hr. Using the denition of
the oprodut in Setion 1.4 and Proposition 1 (vi), we perform the following omputation
in (H(A{x})⊗Z˜ H(A{x}))[[s]]:
∆(Ĥx(s)) =
∑
β∈Iso(A{x})
sdeg β ∆(β)
=
∑
α,β,γ∈Iso(A{x})
sdeg β
gαgγ
gβ
φβαγ (α⊗ γ)
=
∑
α,γ∈Iso(A{x})
(∑
β
gαgγ
gβ
φβαγ
)
(sdegαα)⊗ (sdeg γγ)
=
∑
α,γ∈Iso(A{x})
(sdegαα)⊗ (sdeg γγ)
= Ĥx(s)⊗ Ĥx(s). (3)
Therefore ∆(ĥr,x) =
∑r
s=0 ĥs,x ⊗ ĥr−s,x in H(A{x})⊗Z˜ H(A{x}). A similar formula holds for
the images of the omplete symmetri funtions hr by the oprodut of Λ (see [lo. it.℄),
and our laim follows.
We now turn to the subategory Ator of A onsisting of all torsion sheaves. The Hall
algebra H(Ator) may be viewed as the subspae of H(A) spanned by the isomorphism lasses
of objets in Ator. Sine the ategory Ator is the diret sum of the ategories A{x} (see
Lemma 8 (iii)), the Hall algebra H(Ator) is anonially isomorphi to the tensor produt
over Z˜ of the Hall algebras H(A{x}) (this is Proposition 2.3.5 (a) in [12℄). Finally, we note
that the Hall produt · and the Ringel produt ∗ oinide on H(Ator) beause the Euler form
vanishes on K(Ator) by Proposition 4 (ii).
We dene elements ĥr, êr and q̂r ofH(Ator) for r ≥ 1 by means of the generating funtions
Ĥ(s) = 1 +
∑
r≥1
ĥrs
r =
∏
x∈P1(Fq)
Ĥx(s), (4)
Ê(s) = 1 +
∑
r≥1
êrs
r =
∏
x∈P1(Fq)
Êx(s),
Q̂(s) = 1 +
∑
r≥1
q̂rs
r =
∏
x∈P1(Fq)
Q̂x(s).
These equalities are meant to hold in H(Ator)[[s]]; in the right-hand side of the above equa-
tions, the produts are over all losed points of P1(Fq).
Lemma 18 (i) One has the relations
Ĥ(s) Ê(s) = 1 and Q̂(s) =
Ĥ(sv)
Ĥ(s/v)
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or, equivalently, for eah r ≥ 1,
ĥr +
r−1∑
s=1
ĥs êr−s + êr = 0,
(qr − 1) ĥr = v
rq̂r +
r−1∑
s=1
vr−s ĥs q̂r−s.
(ii) The three families (ĥr)r≥1, (êr)r≥1, and (q̂r)r≥1 onsist of algebraially independent ele-
ments.
Proof. Assertion (i) follows from Lemma 16 (i). Let Γ be the subalgebra ofH(Ator) generated
by the subalgebras H(A{x}) with x 6= ∞. Then H(Ator) is the algebra of polynomials in
the indeterminates ĥr,∞ with oeients in Γ. It is easy to see that ĥr − ĥr,∞ belongs
to Γ[ĥ1,∞, · · · , ĥr−1,∞], whih proves the algebrai independene of the elements ĥr. The
algebrai independene of the other two families an then be dedued from Assertion (i).
This ompletes the proof of Assertion (ii). 
3.3 A subalgebra of H(A)
The Ringel algebra H(A) turns out to be made of two parts: the rst one is the Ringel
algebra H(Ator) desribed in Setion 3.2, while the seond one is a ertain subalgebra B1
related to loally free sheaves. In this Setion, we explain this deomposition and use it
to dene a subalgebra B of H(A) whih will be related in Setion 4 to the quantum ane
algebra Uq(ŝl2).
It will be neessary for us to extend the ground ring of the Ringel algebra H(A) and
of ertain Z˜-submodules B of it from Z˜ to a Z˜-algebra R. The R-module B ⊗
Z˜
R will be
denoted by B(R).
We rst dene the q-numbers, setting as usual [a] = (va − v−a)/(v − v−1) for a ∈ Z. We
set [a]! =
∏a
i=1[i] for a ≥ 1, and agree that [0]! = 1. Remark that, up to a power of v, [a]
and [a]! are non-zero integers.
We next reord the following onsequene of Theorem 13 and of Proposition 4.
Lemma 19 (i) For all m,n ∈ Z, one has
[O(m+ 1)] ∗ [O(n)]− v2 [O(n)] ∗ [O(m+ 1)] =
v2 [O(m)] ∗ [O(n + 1)]− [O(n+ 1)] ∗ [O(m)]. (5)
(ii) If n1 < · · · < nr is an inreasing sequene of integers and if c1, . . . , cr is a sequene of
positive integers, then one has
[O(n1)]
∗c1 ∗ · · · ∗ [O(nr)]
∗cr =
(
r∏
i=1
qci(ci−1)/2[ci]!
)
v
∑
1≤i<j≤r(nj−ni+1)cicj
[
r⊕
i=1
O(ni)
⊕ci
]
.
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Proof. Assertion (i) an be proved by a tedious ase by ase examination, using Relations (i)
(iii) in Theorem 13 and Statement (ii) of Proposition 4. To prove Assertion (ii), one rst
ompute
[O(ni)]
∗ci = vci(ci−1)/2 [O(ni)]
ci
= vci(ci−1)/2
(
ci∏
a=1
qa − 1
q − 1
)
[O(ni)
⊕ci]
= qci(ci−1)/2 [ci]! [O(ni)
⊕ci],
using Theorem 13 (i), and then
[O(n1)]
∗c1 ∗ · · · ∗ [O(nr)]
∗cr
= v
∑
1≤i<j≤r(nj−ni+1)cicj [O(n1)]
∗c1 · · · [O(nr)]
∗cr
=
(
r∏
i=1
qci(ci−1)/2[ci]!
)
v
∑
1≤i<j≤r(nj−ni+1)cicj [O(n1)
⊕c1] · · · [O(nr)
⊕cr ]
=
(
r∏
i=1
qci(ci−1)/2[ci]!
)
v
∑
1≤i<j≤r(nj−ni+1)cicj
[
r⊕
i=1
O(ni)
⊕ci
]
,
using Theorem 13 (ii). 
We now need two other piees of notation. Let C be the set of all sequenes of non-
negative integers c = (cn)n∈Z that have only nitely many non-zero terms, and set
Xc =
∏
n∈Z
[O(n)]∗cn
for eah c ∈ C, the produts being omputed using the multipliation ∗ and the asending
order on Z. We also denote the Z˜-submodule of H(A) spanned by the isomorphism lasses
of loally free sheaves by B1.
Proposition 20 (i) B1 is a subalgebra of H(A).
(ii) If R is a Z˜-algebra ontaining Q, then the family (Xc)c∈C is a basis of the R-module
(B1)(R).
(iii) The multipliation in the Ringel algebra H(A) indues an isomorphism of Z˜-modules
between B1 ⊗Z˜ H(Ator) and H(A).
Proof. Assertion (i) omes from the fat that Alf is a subategory of A losed under exten-
sions (Proposition 3 (i)) and from the denition of the produt ∗ in H(A). Assertion (ii)
follows from Lemma 19 (ii). Finally, Proposition 3 (ii) and Theorem 13 (v) imply Asser-
tion (iii). 
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Remark 21. As mentioned in Setion 3.2, the subalgebra H(Ator) of H(A) is a Hopf algebra.
Let us adopt Sweedler's notation and denote the image of an element a ∈ H(Ator) under the
oprodut by ∆(a) =
∑
(a) a(1) ⊗ a(2). The Hopf algebra H(Ator) ats on H(A) through the
adjoint representation, whih is the homomorphism ad : H(Ator)→ EndZ˜(H(A)) dened by
a ∗ x =
∑
(a)
(
ad(a(1)) · x
)
∗ a(2),
for all a ∈ H(Ator) and x ∈ H(A). Relating the adjoint ation to Heke operators, Kapranov
has shown that B1 is a H(Ator)-submodule of H(A) (see Proposition 4.1.1 in [12℄). Asser-
tion (iii) of Proposition 20 an then be interpreted, in the language of Hopf algebras, as
stating that H(A) is the smash produt of the Hopf algebra H(Ator) by the H(Ator)-module
algebra B1.
The following result gives a ommutation relation between ertain elements of B1 and
ertain elements of H(Ator).
Lemma 22 For n ∈ Z and r ≥ 1, one has
ĥr ∗ [O(n)] =
r∑
s=0
[s+ 1] [O(n + s)] ∗ ĥr−s. (6)
Proof. We will use the generating series Êx(s) and Ĥx(s). We set
X(t) =
∑
n∈Z
[O(n)] tn
and ompute, using Relations (v) and (vi) in Theorem 13:
Êx(s) ∗X(t) =
∑
n∈Z, r≥0
(−1)r sr deg x tn qr(r−1)/2x [O(1r)[x]] ∗ [O(n)]
=
∑
n∈Z, r≥0
(−1)r sr deg x tn qr(r−1)/2x
×
(
[O(n)] ∗ [O(1r)[x]] + v
(1−2r) deg x [O(n + deg x)] ∗ [O(1r−1)[x]]
)
= X(t) ∗ Êx(s)
(
1− (s/tv)deg x
)
.
In view of Lemma 16 (i), we therefore have
Ĥ(s) ∗X(t) = X(t) ∗ Ĥ(s)
∏
x∈P1(Fq)
1
1− (s/tv)deg x
,
after expansion of the rational funtions 1/(1− (s/tv)deg x) in powers of s/tv.
Now in the formal power series ring Z[[s]], one has∏
x∈P1(Fq)
1
1− sdeg x
=
1
(1− s)(1− qs)
,
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where the produt in the left hand side runs over all losed points of P1(Fq). The previous
equality follows from the alulation of the zeta funtion of P1(Fq) (see Setion C.1 of [10℄
for a proof). Therefore,
Ĥ(s) ∗X(t) = X(t) ∗ Ĥ(s)
1
(1− s/tv)(1− sv/t)
, (7)
whih is equivalent to our assertion. 
Remark 23. Lemma 16 (ii) shows that the elements ψr ∈ H(Ator) dened in Formula (5.2)
of [12℄ satisfy
Q̂(s) = 1 +
∑
r≥1
v−r ψr s
r.
On the other hand, using Relation (7) above and Lemma 18 (i), one obtains
Q̂(s) ∗X(t) = X(t) ∗ Q̂(s)
(1− s/tq)
(1− qs/t)
.
We thus reover Formula (5.2.5) in [12℄.
Finally, let B0 be the subalgebra of H(Ator) generated by the family (ĥr)r≥1, and let B
be the subalgebra of the Ringel algebra H(Ator) generated by B0 and B1. Let also D be
the set of all sequenes of non-negative integers d = (dr)r≥1 that have only nitely many
non-zero terms, and set
ĥd =
∏
r≥1
ĥdrr , êd =
∏
r≥1
êdrr , and q̂d =
∏
r≥1
q̂drr ,
for eah d ∈ D.
Proposition 24 Let R be a eld of harateristi 0 whih is also a Z˜-algebra.
(i) The algebra B(R) is generated by the elements [O(n)] for n ∈ Z and the elements ĥr
for r ≥ 1.
(ii) The families (Xc ∗ ĥd)(c,d)∈C×D, (Xc ∗ êd)(c,d)∈C×D, and (Xc ∗ q̂d)(c,d)∈C×D are three bases
of the R-module B(R).
Proof. Proposition 20 (iii) implies that the multipliation ∗ indues an isomorphism of Z˜-
modules from B1 ⊗Z˜ B0 to B1 ∗ B0. Lemma 22 implies that B1 ∗ B0 is a subalgebra of the
Ringel algebra H(A), obviously equal to B. Sine the Z˜-modules B0 and B1 are free (see
Lemma 18 (ii)), the multipliation ∗ in the Ringel algebra H(A)(R) indues an isomorphism
of R-modules from (B1)(R) ⊗R (B0)(R) to B(R).
Lemma 18 shows that (B0)(R) is a polynomial algebra on eah of the three set of inde-
terminates: {ĥr | r ≥ 1}, {êr | r ≥ 1}, or {q̂r | r ≥ 1}. Thus the families (ĥd)d∈D, (êd)d∈D,
and (q̂d)d∈D are three bases of the R-vetor spae (B0)(R). Both assertions of our proposition
follow now from Proposition 20 (ii). 
Remark 25. In view of Remark 21, the fat that B is a subalgebra of H(A) should be onsid-
ered as a onsequene of the fat that B0 is a sub-bialgebra of H(Ator), itself a onsequene
of Formulae (3) and (4).
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4 Link with the quantum ane algebra Uq(ŝl2)
Our aim now is to desribe the relationship between the Hall algebra H(A) investigated in
Setion 3 and the quantum ane algebra Uq(ŝl2). In the usual denitions of the latter, q
is an indeterminate. It will however be more onvenient for us to deal with a speialized
version of Uq(ŝl2), in whih q is the number of elements of the nite eld that we have hosen
at the beginning of Setion 3. We therefore x for the remainder of this paper a eld R of
harateristi 0 together with a square root v of the number q.
In this setion, we rst reall the denition of the R-algebra Uq(ŝl2) in its loop-like
realization and dene a ertain subalgebra V + in it. We then present an elementary proof
of Kapranov's result asserting that the R-algebra V + is isomorphi to the R-algebra B(R)
dened in Setion 3.3. We end with several omments, observing that Kapranov's approah
to Uq(ŝl2) sheds a new light on ertain reent onstrutions by Bek, Chari, and Pressley [2℄.
4.1 Denition of Uq(ŝl2)
Following Drinfeld [6℄, we dene Uq(ŝl2) as the R-algebra generated by elements K
±1
, C±1/2,
hr, where r ∈ Z \ {0}, and x
±
n , where n ∈ Z, submitted to the relations
K K−1 = K−1 K = 1,
C1/2 C−1/2 = C−1/2 C1/2 = 1,
C1/2 is entral,
[K, hr] = 0 for r ∈ Z \ {0},
K x±n = v
±2x±n K for n ∈ Z,
[hr, hs] = δr,−s
[2r]
r
Cr − C−r
v − v−1
for r, s ∈ Z \ {0},
[hr, x
±
n ] = ±
[2r]
r
C∓|r|/2x±n+r for n, r ∈ Z, r 6= 0,
x±m+1 x
±
n − v
±2x±n x
±
m+1 = v
±2x±m x
±
n+1 − x
±
n+1 x
±
m for m,n ∈ Z, (8)
[x+m, x
−
n ] =
C(m−n)/2ψ+m+n − C
(n−m)/2ψ−m+n
v − v−1
for m,n ∈ Z,
where the elements ψ±±r are dened by the generating funtions∑
r≥0
ψ±±r s
±r = K exp
(
±(v − v−1)
∑
r≥1
h±r s
±r
)
for r ≥ 0 and are dened to be zero for r ≤ −1.
Relying in part on previous work of Damiani [4℄, Bek [1℄ made preise the link between
this denition and Drinfeld's and Jimbo's original denition [5, 11℄ of Uq(ŝl2) as the quantized
enveloping algebra assoiated to the generalized Cartan matrix
(
2 −2
−2 2
)
of type A
(1)
1 .
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Let V + be the subalgebra of Uq(ŝl2) generated by the elements x
+
n and hr C
r/2
, for n ∈ Z
and r ≥ 1. The aim of Setion 4 is to prove the following result.
Theorem 26 ([12℄, Theorem 5.2.1) The R-algebras B(R) and V
+
are isomorphi.
4.2 Struture of Uq(ŝl2)
Following Setion 1 of [2℄, we dene elements ψ˜±±r for r ≥ 1 by
1±
∑
r≥1
(v − v−1) ψ˜±±r s
±r = exp
(
±(v − v−1)
∑
r≥1
h±r C
±r/2 s±r
)
. (9)
Let us denote by
• N± the subalgebra generated by the elements x±n , where n ∈ Z;
• H the subalgebra generated by the elements K±1, C±1/2, and hr, where r ∈ Z \ {0};
• H± the subalgebra generated by the elements ψ˜±±r, where r ≥ 1;
• H0 the subalgebra generated by the elements K±1 and C±1/2.
Proposition 27
(i) The multipliation indues a linear isomorphism N− ⊗R H ⊗R N
+ → Uq(ŝl2).
(ii) The multipliation indues a linear isomorphism H− ⊗R H
0 ⊗R H
+ → H.
(iii) The generators ψ˜+r (r ≥ 1) of the algebra H
+
are algebraially independent.
(iv) The family of produts
(∏
n∈Z(x
+
n )
cn
)
c∈C
, performed in the asending order of Z, is a
basis of N+.
Proof. It is asserted in Proposition 12.2.2 of [3℄ that the map N− ⊗R H ⊗R N
+ → Uq(ŝl2)
indued by the multipliation of Uq(ŝl2) is surjetive. The dening relations of Uq(ŝl2) imply
easily that the map H− ⊗R H
0 ⊗R H
+ → H indued by the multipliation of Uq(ŝl2) is also
surjetive. The algebra H± is generated by the pairwise ommuting elements ψ˜±±r for r ≥ 1,
whih shows that the monomials
(∏
r≥1(ψ˜
±
r )
dr
)
, for d ∈ D, span the R-vetor spae H±.
Similarly, the family of elements (KaCb/2)(a,b)∈Z2 span the R-vetor spae H
0
. Finally, an
easy indution shows that the produts
(∏
n∈Z(x
±
±n)
cn
)
, performed in the asending order of
Z and for c ∈ C, span the R-vetor spae N±. Consequently, the elements
M(a, b, c′, c′′, d′, d′′) =
(∏
n∈Z
(x−−n)
c′n
)(∏
r≥1
(ψ˜−−r)
d′r
)
KaCb/2
(∏
r≥1
(ψ˜+r )
d′′r
)(∏
n∈Z
(x+n )
c′′n
)
,
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where a, b ∈ Z, c′, c′′ ∈ C, and d′, d′′ ∈ D, span the R-vetor spae Uq(ŝl2).
Now observe that the denition of Uq(ŝl2) implies the existene of an automorphism T
of the R-algebra Uq(ŝl2) suh that
T (x±n ) = x
±
n∓1, T (K
±1) = K±1, T (C±1/2) = C±1/2, T (hr) = hr,
for all n, r ∈ Z with r 6= 0. (Using Proposition 3.10.2 (b) and Denition 4.6 of [1℄, one
an easily see that T is the automorphism of Uq(ŝl2) that lifts the translation along the
fundamental weight to the braid group of the extended ane Weyl group of sl2.) On the
other hand, observe, as a onsequene of the Poinaré-Birkho-Witt theorem for Uq(ŝl2)
(Proposition 6.1 in [1℄), that the set of elements{
M(a, b, c′, c′′, d′, d′′)
∣∣ a, b ∈ Z, c′, c′′ ∈ C2, d′, d′′ ∈ D2, n < 0⇒ c′n = c′′n = 0}
is linearly independent over R. Using this and the automorphism T , one proves the linear
independene over R of the family of elements (M(a, b, c′, c′′, d′, d′′))(a,b,c′,c′′,d′,d′′)∈Z2×C2×D2.
This family is therefore a basis of Uq(ŝl2), whih entails simultaneously all the assertions
of the lemma. 
Let us remark that the algebra H+ is the subalgebra denoted by U+(0) in [2℄ (see Propo-
sition 1.3 (iii) in [lo. it.℄ for instane). Following Setion 1 of [lo. it.℄, we now dene
elements P˜r and Pr of H
+
, for r ≥ 1, by the following generating funtions:
P˜ (s) = 1 +
∑
r≥1
P˜rs
n = exp
(∑
r≥1
hr C
r/2
[r]
sr
)
, (10)
P (s) = 1 +
∑
r≥1
Prs
r = exp
(
−
∑
r≥1
hr C
r/2
[r]
sr
)
. (11)
For sequenes c = (cn)n∈Z ∈ C and d = (dr)r≥1 ∈ D, we dene
x+c =
∏
n∈Z
xcnn , P˜d =
∏
r≥1
P˜ drr , Pd =
∏
r≥1
P drr , and ψ˜
+
d =
∏
r≥1
(ψ˜+r )
dr .
Proposition 28 (i) The algebra V + is generated by the elements x+n and P˜r, for n ∈ Z and
r ≥ 1.
(ii) The families (x+c P˜d)(c,d)∈C×D, (x
+
c Pd)(c,d)∈C×D, and (x
+
c ψ˜
+
d )(c,d)∈C×D are three bases of
the R-vetor spae V +.
Proof. By denition, V + is the subalgebra of Uq(ŝl2) generated by the elements x
+
n and
hrC
r/2
, for n ∈ Z and r ≥ 1. Assertion (i) follows therefore from the denition of the
elements P˜r (formula (10)) and from the fat that the salars [r] do not vanish in the eld
R for any r ≥ 1.
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Proposition 2.8 in [2℄ states that for all integers n ≥ 0 and r ≥ 1, one has
P˜r x
+
n =
r∑
s=0
[s+ 1] x+n+s P˜r−s. (12)
Applying a well-hosen power of the automorphism T dened in the proof of Proposition 27,
one immediately sees that Formula (12) holds more generally for eah n ∈ Z. Together
with Proposition 27 (i), this shows that the multipliation map indues a linear isomorphism
N+ ⊗R H
+ → V +.
By Formulae (1.8) and (1.9) in [2℄, we have the following relations in H+[[s]]:
P˜ (s) P (s) = 1 and
P˜ (sv)
P˜ (s/v)
= 1 +
∑
r≥1
(v − v−1) ψ˜+r s
r,
or, equivalently, for eah r ≥ 1:
P˜r +
r−1∑
s=1
P˜sPr−s + Pr = 0,
[r] P˜r = ψ˜
+
r +
r−1∑
s=1
v−s P˜s ψ˜
+
r−s.
Together with Assertion (iii) of Proposition 27, this implies that H+ is a polynomial algebra
on eah of the three set of indeterminates: {ψ˜r | r ≥ 1}, {P˜r | r ≥ 1}, or {Pr | r ≥ 1}.
Thus the families (P˜d)d∈D, (Pd)d∈D, and (ψ˜
+
d )d∈D are three bases of the R-vetor spae H
+
.
Assertion (ii) follows from this and from Proposition 27 (iv). 
Theorem 26 is now evident. The isomorphism sends [O(n)] to x+n , ĥr to P˜r, êr to Pr, and
q̂r to (v − v
−1)ψ˜+r , respetively. Relations (5) and (6) orrespond to Relations (8) and (12).
4.3 Conluding remarks
As mentioned in the introdution, Ringel was the rst one to disover relations between
Hall algebras and quantized enveloping algebras. In [17℄ he notied that, in his ontext,
the natural basis of the Hall algebra orresponds to a basis of type Poinaré-Birkho-Witt
of Lusztig's integral form of the positive part of the quantized enveloping algebra. Here a
similar phenomenon ours:
• by Lemma 19 (ii), the element [O(n1)
⊕c1⊕· · ·⊕O(nr)
⊕cr ] of H(A) is equal, up to a power
of v, to the produt of divided powers(
1
[c1]!
[O(n1)]
∗c1
)
∗ · · · ∗
(
1
[cr]!
[O(nr)]
∗cr
)
;
• by Lemma 2.3 in [2℄, the monomials in the ĥr for r ≥ 1 orrespond to the elements of a
Poinaré-Birkho-Witt basis of Lusztig's integral form of H+.
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These observations are likely to be part of a more omplete statement, for whih one would
need a version of the Hall algebraH(A) (or at least of the algebraB) with a generi parameter
q as well as an integral version of Proposition 27.
The elements Pr, P˜r, and ψ˜r play important rles for Uq(ŝl2), namely in the lassi-
ation of the nite-dimensional simple Uq(ŝl2)-modules (see Theorem 12.2.6 in [3℄) and in
the onstrution of a Poinaré-Birkho-Witt basis of Lusztig's integral form of Uq(ŝl2) (see
Theorem 2 of [2℄). The relations (9), (10), and (11) dening them, though expliit, look
rather artiial. Kapranov's isomorphism B(R) → V
+
helps show where these elements ome
from: they are the standard generators of the algebra of symmetri polynomials (elementary
symmetri funtions, omplete symmetri funtions, Hall-Littlewood polynomials) arried
over to the Hall algebras H(A{x}) and averaged over the losed points of P
1(Fq).
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